We give an example of a convex body whose centroid and Santaló point are "far apart". *
1 Introduction. The main theorem.
In his survey paper [7] , Grünbaum introduced measures of asymmetry for convex bodies in R n , i.e. compact, convex sets in R n with nonempty interior. Measures of asymmetry determine the degree of non-symmetricity of a non symmetric convex body. Recall that a convex set K in R n is centrally symmetric with respect to the origin if x ∈ K implies −x ∈ K. More generally, K is centrally symmetric with respect to the point z if x ∈ K implies 2z − x ∈ K.
Grünbaum argues that a measure of asymmetry should be a function that is 0 for centrally symmetric convex bodies and maximal for the simplex and only for the simplex. However, the simplex has enough symmetries to ensure that all affine invariant points are identical. This leads to the question: How far apart can specific affine invariant points be? This distance can be used as a measure for the asymmetry of the convex body.
Of particular interest are the centroid g(K) and the Santaló point s(K) of a convex body K in R n . These points are of major importance and have been widely studied. For the (less well known) Santaló point see e.g. [4, 12, 14, 13, 20] . Recent developments in this direction include e.g. the works [1, 2, 3, 5, 6, 10, 15] . We show here that the points can be very far apart, namely Theorem 1 There is an absolute constant c > 0 and n 0 ∈ N such that for all n ≥ n 0 there is a convex body C = C n in R n with
· 2 is the Euclidean norm, l is the line through g = g(C) and s = s(C) and w C (u) = h C (u) + h C (−u) is the width of C in directon of the unit vector u = g−s g−s 2 .
The proof actually shows that we can asymptotically determine the constant c of the theorem.
g(C) − s(C) 2 vol 1 (ℓ ∩ C)
is asymptotically with respect to the dimension, greater than or equal to n : x p ≤ 1} be the unit ball of the space l n p . For a convex body K in R n we denote the volume by vol n (K) (if we want to emphasize the dimension) or by |K|. co[A, B] = {λa + (1 − λ)b : a ∈ A, b ∈ B, 0 ≤ λ ≤ 1} is the convex hull of A and B.
h K (u) = max x∈K u, x is the supportfunction of K in direction u.
• = {y ∈ R n : y, z − x ≤ 1 for all z ∈ K} is the polar body of K with respect to x.
Let ξ ∈ R n with ξ 2 = 1 and s ∈ R. Then the (n − 1)-dimensional section of K orthogonal to ξ through sξ is
We just write K(s) if it is clear which direction ξ is meant.
The centroid g(K) of a convex body K in R n is the point
The Santaló point s(K) of a convex body K is the unique point s(K) for which
attains its minimum. It is more difficult to compute the Santaló point as it is defined implicitly. Before we go into the construction of the convex bodies that fulfill the properties of Theorem 1, we discuss an example that shows that a more elaborate construction is necessary to get the statement of Theorem 1.
For instance, it is not enough to take one half of a Euclidean ball
We compute the centroid of B. The coordinates of the centroid are g(B)(2) = · · · = g(B)(n) = 0 and
Now we compute the Santaló point of B. The polar body of the Euclidean ball B n 2 (λe 1 , 1) with center λe 1 , 0 ≤ λ < 1, and radius 1 is
Therefore, the polar body of the half ball B with respect to λe 1 is the convex hull of the vector − e1 λ and the ellipsoid (2) . We estimate the volume of (B − λe 1 )
• . Since (B − λe 1 )
• contains the ellipsoid (2)
On the other hand, as (B − λe 1 )
• is contained in the union of the ellipsoid (2) and a cone with height 1 λ and with a base that is a Euclidean ball with radius ( 
On the other hand, for λ =
2n vol n (B n 2 ) . Therefore, there is a γ such that for all n ∈ N we have s(B) ( 
is of order
The next lemma is well known (see [20] ).
Lemma 2 For any convex body K, an interior point x of K is the Santaló point if and only if 0 is the centroid of (K − x)
• .
This lemma can be rephrased as follows:
Let K be a convex body. Then 0 is the Santaló point of
•• , it follows by Lemma 2 that 0 is the Santaló point of (K −g(K))
For convex bodies K and L in R n and natural numbers k, 0 ≤ k ≤ n, the coefficients
are the mixed volumes of K and L (see [20] ).
Now we introduce the convex bodies which will serve as candidates for Theorem 1. For convex bodies K and L in R n and real numbers a > 0 and b > 0, we construct a convex body
The bodies we are using in Theorem 1 will be the polar bodies to M n . The polar of M n can be described as follows:
, the sections of M
• n orthogonal to e n+1 and containing se n+1 are
We show this.
The body M n is the convex hull of two n-dimensional faces K and L. In the following proposition we choose specific bodies for those faces. We choose them in such a way that their volume product differs greatly, which has as effect that the centroid and the Santaló point of M g(Mn) n are "far apart". One face is the Euclidean ball and the other the unit ball of ℓ n ∞ . We normalize both balls so that their volume is 1.
and a = 1 and b = 1 e−1 . Let M n be the convex body in R n+1 defined in (4). Then
(ii) Let
Then for every ε > 0 there is n 0 such that for all n ≥ n 0 the n + 1-st coordinate of the centroid g(M 
As for the proof of Proposition 3, it follows from Lemma 2 that s(M 
Proof of Proposition 3
This section is devoted to the proof of Proposition 3. We will need several lemmas and then give the proof of the proposition at the end of the section.
Lemma 4 Let K and L be convex bodies in R n such that their centroid are at 0. Let c > 0 and let M n be the convex body in
Now we use the mixed volume formula (3). Thus
where we have also used the Betafunction
The next lemma is well known ( [8] , p. 216, formula 54).
Lemma 5 For all n ∈ N and t ≥ 0
with the convention that vol 0 (B
Lemma 6
The following formula holds
Proof. One has 1 n + 2 n k=0 k+1
.
It is thus needed to prove that
For every x ≥ 0,
Let
and
By Stirling's formula
and thus n 2e (πn)
Moreover,
(In fact, it can be proved that B n ∼ 2e
, where we write a(n) ∼ b(n), to mean that there are absolute constants c 1 , c 2 > 0 such that c 1 a(n) ≤ b(n) ≤ c 2 a(n). But for our purposes the above estimate is enough.) Also, for n ≥ 3
Therefore, by (7) and with c n = Γ(1 +
Lemma 7 Let a, b ∈ R, a > 0, b > 0 and
] be defined as in (4) . Then the center of gravity g(M n ) satisfies
Proof. By symmetry, the centroid of M n is an element of the (n + 1)-axis. Therefore we only need to compute its (n + 1)-th coordinate.
with centroidg =g n . The centroid g n of M n is then given by g n =g n − a.
We use Lemma 4 with c = a + b to get
By Lemma 5 and the linearity of the mixed volumes in each component, we get
Now we apply Lemma 6.
Eventually we will have to investigate expressions of the form
Schechtman, Schmuckenschläger and Zinn established asymptotic formulas for large n for the volumes of B n p ∩ tB n q [17, 18, 19] . To do so, they considered independent random variables h
Here, we need uniform estimates instead of asymptotic ones.
Lemma 8 Let 0 < p, q < ∞ and let h p be a random variable with density (9). Then
In particular, for p = 1 and q = 1 respectively q = 2 we get
For p = 2 and q = 2 we get
The next lemma treats the Gaußian case of a more general statement which we will prove below.
Lemma 9 Let (Ω, P) be a probability space. Let g i : Ω → R, 1 ≤ i ≤ n, be independent N (0, 1)-random variables. Then, for all γ > 0 there is n 0 such that for all n ≥ n 0
Proof. By Chebyshev's inequality.
Lemma 10 Let (Ω, P) be a probability space. Let h 1 i : Ω → R n , 1 ≤ i ≤ n, be independent random variables with density e −|t| . Then for all γ > 0 there is n 0 such that for all n ≥ n 0
Proof. Again, by Chebyshev's inequality.
Lemma 11 Let (Ω, P) be a probability space. Let g i : Ω → R, 1 ≤ i ≤ n, be independent N (0, 1)-random variables. Then
Again, we state this lemma and its proof in the Gaußian case to illustrate the ideas. Below, we will prove a more general statement. A more general situation has also been explored in [18] . Clearly, formula (14) is equivalent to
and to 
Proof of Lemma 11. Also in the case of a convex body that is not centrally symmetric we use
Using polar coordinates we get for any convex body
Let γ n be the normalized Gauss measure on R n . Then
Indeed,
Therefore, using polar coordinates
Since the coordinate functionals are independent N (0, 1)-random variables with respect to the measure γ n we have established (14) .
Lemma 12 Let P p be the probability on R n with density f p : R n → R defined by
Then for every starshaped body K, one has
We pass to polar coordinates. σ n−1 denotes the (non-normalized) surface measure on S n−1 .
Lemma 14 For all γ > 0 there is n 0 such that for all n ≥ n 0 and all t with
Proof. By (15)
This gives
We substitute
By Lemma 9, for every γ > 0 there is n 0 such that for all n ≥ n 0
Therefore, for every γ > 0 there is n 0 such that for all n ≥ n 0 and all s with
The other inequality is obvious from (17) .
Lemma 15 For all γ > 0 there is n 0 such that for all n ≥ n 0 and all s with
Proof. By Corollary 13, for q = 2 and p = 1
We put
1 n and obtain
By Lemma 10, for every γ > 0 there is n 0 such that for all n ≥ n 0
Therefore, for all r with 0 < r ≤ 1 and all s with
Again, the other inequality follows by (18) .
which is the same as
Lemma 16 Let a > 0, b > 0 be real numbers. Then, for all γ > 0 there is n 0 such that for all n ≥ n 0 and all s with
we have
Proof. We have
. We show now the opposite inequality. By Lemma 15, for all γ > 0 there is n 0 such that for all n ≥ n 0
provided that (1 + s a)
This means
Thus (21) holds, provided that
. Now we pass to a new γ and obtain: For every γ > 0 there is a n 0 such that for all n ≥ n 0 and all s with
Lemma 17 Let a > 0 and b > 0 real numbers. Then, for all γ > 0 there is n 0 such that for all n ≥ n 0 and all s with
Proof. By (20) , for all s with −
The right hand side inequality follows immediately. We show now the left hand side inequality. By Lemma 14, for all γ > 0 there is n 0 such that for all n ≥ n 0 and all t with
The latter inequality is equivalent to
By (22), the above inequality holds if
This is equivalent to
We pass to a new γ
Lemma 18 Let
(i) For every γ > 0 there is n 0 such that for all n with n ≥ n 0
(ii) For every γ > 0 there is n 0 such that for all n with n ≥ n 0
Please note that the expression
) ds is negative. This lemma means that the volume of M • n is concentrated between the hyperplanes through s 0 e n+1 and s 1 e n+1 .
Although the inequality s 0 < s 1 follows from the above computations, it is comforting to verify this directly. The inequality s 0 < s 1 is equivalent to
which holds for all positive a and b.
Proof. (i) By Lemma 17, for all γ > 0 there is n 0 such that for all n with n ≥ n 0 and all s with
For sufficiently large n s0−γ s0−2γ
On the other hand, by Lemma 17
Therefore, for sufficiently large n s0−2γ
Now we consider the interval [s 1 ,
Therefore, for sufficiently large n 
It is left to pass to a new γ.
(ii) By (24) s0−2γ We apply now these estimates to the convex body
The centroid of M n is (0, δ n ) with lim n→∞ δ n = 0. We get M (0,δn) n = (z, s) ∀x ∈ K : z, x − s(1 + δ n ) ≤ 1 and ∀y ∈ L : z, y + s 1 e − 1 − δ n ≤ 1) .
It is left to apply the above estimates to M
• n with a = 1 + δ n and b = 1 e−1 − δ n .
